We give a description of all transmutation operators from the Bessel-Struve operator to the second-derivative operator. Next we define and characterize the mean-periodic functions on the space Ᏼ of entire functions and we characterize the continuous linear mappings from Ᏼ into itself which commute with Bessel-Struve operator.
Introduction. Let
A and B be two differential operators on a linear space X. We say that χ is a transmutation operator of A into B if χ is an isomorphism from X into itself such that Aχ = χB. This notion was introduced by Delsarte in [2] and some generalization and applications were given in [1, 3, 7, 10] .
In the case where A and B are two differential operators having the same order and without any singularity on the complex plan, acting on the space of entire functions on C denoted here by Ᏼ, Delsarte showed in [3] the existence of a transmutation operator between A and B and gave some applications on the theory of mean-periodic functions on C.
In this paper, we consider the operator α , α > −1/2, on C, given by
where f is an entire function on C. We call this operator Bessel-Struve operator on C.
The Bessel-Struve kernel S α (λ·), λ ∈ C, which is the unique solution of the initial value problem α u(z) = λ 2 u(z) with the initial conditions u(0) = 1 and u (0) = λΓ (α + 1)/ √ π Γ (α + 3/2), is given by
where j α and h α are the normalized Bessel and Struve functions (see [4] ). Moreover, the Bessel-Struve kernel is a holomorphic function on C × C and it can be expanded in a power series in the form The dual intertwining operator t χ α of χ α is defined on Ᏼ (the dual space of Ᏼ) by
We use the transmutation operator χ α to define the Bessel-Struve translation operators τ z ,z ∈ C, associated with α , and the Bessel-Struve convolution on Ᏼ and Ᏼ . A function f in Ᏼ is said to be mean periodic if the closed subspace Ω(f ) generated by τ z f ,z ∈ C,
satisfies Ω(f ) ≠ Ᏼ. The objective of this paper is to characterize every transmutation operator of α into the second derivative operator from Ᏼ into itself. Next, we study the mean-periodic functions associated with the Bessel-Struve operator and we characterize the continuous linear mappings from Ᏼ into itself which commute with α .
We point out that the harmonic analysis associated with differential and differentialdifference operators allows many applications as the study of integral representations (see [9] ), Plancherel, and reconstruction formulas and other applications as the use of wavelets packets in the inversion of transmutation operators for the J. L. Lions operator and the Dunkl operator (see [5, 6] ).
The content of this paper is as follows.
In Section 2, we prove that the Bessel-Struve intertwining operator χ α is a topological isomorphism from Ᏼ into itself satisfying
(1.7)
Using this operator and its dual, we study the harmonic analysis associated with the operator α (Bessel-Struve transform, Bessel-Struve translation operators, and Bessel-Struve convolution). Next, we determine all transmutation operators W from the Bessel-Struve operator α to the second derivative operator d 2 /dz 2 .
In Section 3, we study the mean-periodic functions associated with α . Next, we give the central result of the paper, which characterizes the continuous linear mappings from Ᏼ into itself which commute with α .
Bessel-Struve transmutation operators.
In this section, we consider the normalized Bessel and Struve functions which allow to define the Bessel-Struve kernel. Next, we define the Bessel-Struve intertwining operator χ α and its dual t χ α ; after that, we study the harmonic analysis associated with the operator α . The aim of this section is to characterize every transmutation operator of α into d 2 /dz 2 from Ᏼ into itself.
Let α > −1/2. The normalized Bessel function j α is the kernel defined on C by
where J α is the Bessel function of order α (see [4, 12] ). The normalized Struve function h α is the kernel defined on C by
where H α is the Struve function of order α (see [4, 12] ). This function has the following Poisson integral representation:
The function z → h α (iλz), λ, z ∈ C, is the unique solution of the differential equation
The functions h α and j α are related by the formula
The Bessel-Struve kernel is the function S α defined on C by
This kernel can be expanded in a power series in the form
and has the following integral representation:
The function z → S α (λz), λ ∈ C, is the unique solution of the differential equation
(2.9)
Notations.
(i) We denote by Ᏼ, the space of entire functions on C, with the topology of the uniform convergence on compact subsets of C. Thus Ᏼ is a Fréchet space. (ii) We denote by Ᏼ , the dual space of Ᏼ.
Proposition 2.1. The operator χ α defined by
is an isomorphism from Ᏼ into itself satisfying the transmutation relation
The inverse of χ α is given by
(2.12)
Proof. First we prove that the image of the function f in Ᏼ by χ α is an entire function, and that χ α is a continuous linear operator.
Since f is an entire function, from the Cauchy integral formula, we have
where C R is a circle with center 0 and radius R > 0. Hence there exists a positive constant M such that
As R is arbitrary, the radius of convergence of the power series in (2.10) is infinite. Thus χ α (f ) is an entire function.
Using (2.14), we obtain
Thus χ α defines a continuous linear mapping from Ᏼ into itself. Furthermore, using the fact that
It is clear that
Suppose now that χ α f = 0 for a certain f ∈ Ᏼ. Then, according to (2.10), (d n f /dz n )(0) = 0, n ∈ N. Hence f = 0, thus we prove that χ α is a one-to-one mapping from Ᏼ into itself. Now we consider the operator ψ on Ᏼ defined by
In the same way as for χ α and by a simple calculation, we prove that ψ is a continuous linear mapping from Ᏼ into itself and
Then χ α is a topological isomorphism from Ᏼ into itself.
The operator χ α which is a transmutation operator from α into d 2 /dz 2 on Ᏼ will be called the Bessel-Struve intertwining operator on C.
(ii) Formula (2.10) means that the Taylor coefficients of the image of an entire function by χ α are multiplied by the Taylor coefficients of the Bessel-Struve kernel.
(2.22) (ii) Every function f in Ᏼ can be expanded in a power series:
.
(2.23) Definition 2.4. The dual intertwining operator t χ α of χ α is defined on Ᏼ by t χ α (T ), g = T ,χ α (g) ∀g ∈ Ᏼ.
(2.24) Remark 2.5. From the properties of the operator χ α , we deduce that the operator t χ α is an isomorphism from Ᏼ into itself; the inverse operator ( t χ α ) −1 is given by
(i) We denote by Exp a (C), a > 0, the space of functions of exponential type a. It is the space of functions f ∈ Ᏼ such that
We denote by Exp(C), the space of functions with exponential type. It is given by
The space Exp(C) is endowed with the inductive limit topology. (iii) We denote by Ᏺ, the classical Fourier transform defined on Ᏼ by
(2.28) (iv) We denote by * o , the classical convolution product given by Proof. According to [8] , the classical Fourier transform Ᏺ is a topological isomorphism from Ᏼ into Exp(C). Then the result follows from (2.25) and (2.31). 
has a unique solution that is an entire function on C × C given by
Proof. From Proposition 2.1, (2.32) is equivalent to the Cauchy problem
But the solution of (2.34) is given by The operator τ z , z ∈ C, satisfies the following properties.
(i) For all z ∈ C, the operator τ z is linear continuous from Ᏼ into itself.
(ii) For all f ∈ Ᏼ and z, w ∈ C, 
where * o is the classical convolution product given by (2.29) .
Proof. From Definition 2.12, we have
(2.48)
But from Definition 2.10, we obtain
which proves the first relation. For the second relation, we have
which finishes the proof. Now we are in position to derive the main result of this section.
(i) We denote D = d/dz.
(ii) We denote by Ᏻ D 2 , the group of isomorphisms Y from Ᏼ into itself such that
Proof. It is clear that every transmutation operator W of α into D 2 from Ᏼ into itself is of the form W = χ α Y , where Y ∈ Ᏻ D 2 . Then according to [3] , every element Y of Ᏻ D 2 has the form
where T 0 ,T 1 ∈ Ᏼ . Thus, we can write
Hence the result follows from Proposition 2.13.
Mean-periodic functions and commutators of α

Mean-periodic functions
Definition 3.1. A function f in Ᏼ is said to be mean periodic if the closed subspace Ω(f ) generated by τ z f , z ∈ C, satisfies
(3.1)
From Hahn-Banach theorem, this definition is equivalent to the following. Then from the properties of the Bessel-Struve translation for every z ∈ C, we can write
Thus we prove that S α, (λ, ·) is a mean-periodic function. The result follows from (1.3) and (2.10).
Let f ∈Ᏼ. The following proposition characterizes the functions which belong to Ω(f ). then
to Ω(f ), then for all T ∈Ᏼ satisfying (3.7) we have T ,S α,j (λ, ·) = 0.
(3.9)
Then
(3.10)
The converse follows from the Hahn-Banach theorem. Then
Proof. According to Corollary 2.11, we have, for every g ∈ Ᏼ, (3.15) in the sense of the convergence in Ᏼ.
Suppose that g ∈ Ω(f ). Then, for every w ∈ C, τ w g ∈ Ω(f ). Hence we conclude that for k = 0, 1, D k α g ∈ Ω(f ). By induction, we can prove that, for every n ∈ N and k = 0, 1, D k n α g ∈ Ω(f ). In particular, for every n ∈ N and k = 0, 1, D k n α f ∈ Ω(f ). Thus we conclude that $(f ) ⊂ Ω(f ).
Let now g ∈ $(f ). Using once more Corollary 2.11, we prove that, for every w ∈ C, τ w g ∈ $(f ). In particular, for every w ∈ C, τ w f ∈ $(f ). Hence, Ω(f ) = $(f ). 
The commutator of α
Notations.
(i) We denote by Ᏻ α , the group of isomorphisms Y of Ᏼ into itself such that
We denote by ϑ α (f ) (resp., ϑ D 2 (f )), the closed subspaces of Ᏼ generated by Y f , Y ∈ Ᏻ α , (resp., Ᏻ D 2 ). Since γ has compact support on C, for certain a and C, we have ∀n ∈ N, a n ≤ C a n c n (α) . Hence, if f ∈ Ᏼ, since τ z α f = α τ z f , z ∈ C, using (2.38) and the fact that τ z is a continuous linear mapping from Ᏼ into itself, we obtain for every z, w ∈ C, = L τ w f (z).
(3.33) Hence (v) implies (i).
